This paper gives a characterization of paracompactness, and introduces the notion of an elastic space which generalizes the concept of a stratifiable (in particular, metric) space.
Introduction.
In this note we shall give a characterization of paracompactness which is formally weaker than our previous characterizations [4, Theorem 2] , [5, Theorem 3] , [6, Theorem l] concerning linearly cushioned refinements.
Furthermore, we shall define a new generalization of metric spaces and stratifiable spaces, called "elastic spaces," by introducing the notion of an "elastic base." Definition 1. Let It be a collection of subsets of a set X, and let (ft be a relation on It (i.e., (RCltXIt). We shall often write UGlV instead of ( U, V) E 0"L The relation (ft is said to be a framed relation on 11 (or a framing of It) provided for every U, FGlf, if Ur\V?i0, then USi V or F (ft U. We say (ft is a well-framed relation on It provided (ft is a framing of 11 and for every xEX, there exists an (ft-smallest c7IGcUcontainingx(i.e.,ifxGZ7, f/Gll, and U¿¿ Ux,then iU, UX)E(R). Definition 2. A collection 11 is said to be framed in a collection V with frame map f: 11-»*U. provided there exists a framed relation (ft on 11 such that for every subcollection It'CU which has an (ft-upper bound (i.e., there exists £/Glt so that U'GlU for every C/'Glt') we have cl(Ull')CU/(1t').
If in addition (ft is a well-framed relation on It, we say that It is well-framed in V. Finally, if It is framed in V and (ft is also a transitive relation, then 11 is called elastic in V, or an elastic refinement of V when It and V are covers of X. First we shall show that (R is a framing of 11. If U, f/'GH-and UnU'^0, then either f/g U' or U'£U since ^ is a framing of 11.
Suppose that U^ U'. Let «o be the first index such that U'EA[a0]. Since (A'[a], ^a) is a well-ordered subset of It, there exists a ^"-first element of It'f^A [a] which is an (ft-smallest element of It'. Thus (ft is well-framed, and this completes the proof.
Proof of Theorem 1. We need only prove the sufficiency. Let 11 be an open cover of X, and let W be an open elastic refinement of It. By Lemma 2, it is easy to see that there is a well-framed relation on W, and that W is well-framed in It. Hence X is paracompact by Lemma 1.
3. Elastic spaces. According to J. G. Ceder [2] , a collection P of ordered pairs P = (Pi, P2) of subsets of a space X is called a pair base for X provided that Pi is open for all PEP and that for every xEX and for every open set U containing x, there exists a PEP such that XEP1EP2EU.
Further, he called a ZY-space an Af3-space (renamed stratifiable space by C. J. R. Borges [l ] ) provided it has a «r-cushioned pair base P. A pair base P is said to be a-cushioned provided P hisahiro tamaño and j. e. yaughan Every subspace of an elastic space is an elastic space. Every metrizable space, and more generally every stratifiable space, is an elastic space. Every elastic space is paracompact.
Proof. The first statement is obvious. Let X be a stratifiable space with a o--cushioned pair base P = U£,1P". We may assume that {Pn'.n = l, 2, ■ ■ • } is a partition of P. Let an be a well-order on Pn for each n, and define a well-order 5¡ on F as follows: For F, P'EP we say P^P' if and only if either (1) P, P' are in the same Pn and P^nP', or (2) FGF", P'EPm, and n<m. Then P obviously is an elastic base. Since an elastic space is regular, it follows from Theorem 1 that every elastic space is paracompact. Example.
(An elastic space which is not a stratifiable space.) Let X = [0, ß] be the set of ordinals less than or equal to the first uncountable ordinal. Let the topology on X be the weakest topology stronger than the order topology for which every point is isolated except ß. Construct an elastic base for X as follows. Let Ua -(a, ß] for all a<ß, and let F'= {(£/«, Ua):aE[0, ß)} and order P' by the usual order on the index set [0, ß). Let Wa= {a} for all a<ß, and let P" = {(Wa, Wa) :aE [0, ß)} and order P" by the usual order on the index set [0, ß). Finally, set P = P"UP" and order P so that every element of P' precedes every element of P". Then P is an elastic base for X, so X is an elastic space. Clearly, X is not stratifiable because the closed set {ß} is not a G¡ in X (see [2, Theorem 2.2, p. 106]).
Conjecture.3
Every closed continuous image of an elastic space is an elastic space.
